Abstract: Based on the extended Huygens-Fresnel (eHF) principle, approximate analytical expressions for the spectral density of nonuniformly correlated (NUC) beams are derived with the help of discrete model decompositions. The beams are propagating along horizontal paths through an anisotropic turbulent medium. Based on the derived formula, the influence of the anisotropic turbulence (anisotropy factors, structure parameters) on the evolution of the average intensity, the shift of the intensity maxima and the power-in-the-bucket (PIB) are investigated in detail through numerical examples. It is found that the lateral shifting of the intensity maxima is closely related to the anisotropy factors and the strength of turbulence. Our results also reveal that, in the case of weak turbulence, the beam profile can retain the feature of local intensity sharpness, but this feature degenerates quickly if the strength of the turbulence increases. The value of PIB of the NUC beams can be even higher than that of Gaussian beams by appropriately controlling the coherence parameter in the weak turbulence regime. This feature makes the NUC beams useful for free-space communication.
Introduction
The study of laser beams propagation through the atmosphere has received wide attention due to its important applications in high-speed/high-capacity free-space optical communications and remote sensing. In these systems, the laser beams experience random refractive index fluctuations induced by atmospheric turbulence. This turbulence gives rise to extra beam broadening, beam wander and scintillation, which limits the performance of these systems. Therefore, the knowledge of the atmospheric turbulence and its interaction with light beams are of great importance. Over the past decades, the theory of light beams propagation in isotropic turbulence has been well developed [1] . However, many experimental results showed that anisotropic turbulence can exist in a wide range of altitudes from the earth's surface [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . As early as 1970, Consortini and co-workers experimentally found the evidence of anisotropic turbulence near the ground [2] . They measured relative beam wander of two or more parallel narrow beams through a 130 m horizontal path about one meter above the ground and found that the variance of the refractive index fluctuations in the vertical and horizontal direction is different. Dalaudier et al. presented the experimental evidence of the ubiquitous no results for the propagation characteristics of the NUC beams including rectangular or circular symmetric in anisotropic turbulence have been reported yet.
In this paper, our aim is to study the propagation features of NUC beams with rectangular symmetry through anisotropic turbulence along the horizontal path near the ground. The effects of the anisotropy factor on the evolution of the average intensity and the shift of the intensity maxima are studied in detail. In addition, the power-in-bucket of the NUC beam at the receiver plane is also presented.
Power Spectrum Density in Anisotropic Turbulence
In this section, we briefly review the derivation of the expression for the anisotropic power spectrum density (PSD) as an extension from the PSD in isotropic turbulence. Atmospheric (optical) turbulence is generated by a temperature differential between the earth's surface and the atmosphere and is the cause of the random fluctuations of the refractive index of air. Due to its random nature, the statistical theory is the most appropriate method for the description of this phenomenon. Let us start with the refractive index structure function in anisotropic turbulence obeying Kolmogorov statistics D n (R) = C 
where R is a vector spatial variable; C 2 n is the structure parameter with unit m −2/3 . µ x , µ y and µ z are the anisotropy factors in x, y, and z directions, respectively. Please note that Equation (1) is only valid in the so-called inertial subrange which is l 0 < x 2 /µ 2 x + y 2 /µ 2 y + z 2 /µ 2 z < L 0 , where l 0 and L 0 denote the inner and outer scale of the turbulence, respectively.
To evaluate the PSD from the structure function, we make the following change of the variables
where κ ≡ κ x , κ y , κ z is the spatial frequency. On substituting Equation (2) into Equation (1) , the calculation of the PSD becomes the same as in the case of isotropic and homogeneous turbulence in the (R ,κ ) domain. Thus, the PSD is directly related to the structure function by the following integral formula [1] Φ n (κ ) = µ x µ y µ z 4π 2 κ
By inserting Equation (1) into Equation (4) and after integrating over R we obtain the analytical expression for the anisotropic PSD Φ n (κ) = 0.033µ x µ y µ z C 2 n κ
Equation (5) is the Kolmogorov power spectrum for anisotropic turbulence with anisotropy along x, y, and z direction. When the anisotropy factors µ x , µ y and µ z equal unity, Equation (5) reduces to the expression for the well-known Kolmogorov power-law spectrum. However, this model is only valid in the inertial subrange 1/L 0 κ 1/l 0 due to the range of validity for R in the structure function. Following the method for extending the Kolmogorov power spectrum into the dissipation range κ > 1/l 0 and the input range κ 1/L 0 used by Tatarskii and von Karman [1] , we may modify the PSD in Equation (5) including the effect of the inner and outer scale of turbulence into it, which is
where κ eff = 2π/L 0 and κ m = 5.92/l 0 . Equation (6) is the modified von Karman PSD in anisotropic turbulence.
Propagation Characteristics of the NUC Beams in Anisotropic Turbulence Along the Horizontal Links
Spectral Density of the NUC Beams Propagation through Anisotropic Turbulence
According to [35] , the cross-spectral density (CSD) function of the NUC beams in the source plane is represented by the following integral formula:
The functions p x (v) and H x (x,v) entering in Equation (7) take the form:
where k = 2π/λ is the wavenumber with λ being the wavelength of a light beam; w 0 and x 0 are real constants. On substituting Equations (8) and (9) into Equation (7) and integrating over v, the expression for the CSD function of the NUC beam becomes:
where δ x = √ 2/ka x , is the r.m.s correlation width. Please note that Equation (10) only represents the one-dimensional case for the NUC beams. The extension of the NUC beams to the two-dimensional case is straightforward, i.e., W 0 (r 1 ,r 2 ) = W x (x 1 ,x 2 )W y (y 1 ,y 2 ). The function W y (y 1 ,y 2 ) is immediately derived from W x (x 1 ,x 2 ) replacing x with y in Equation (10) . r 1 ≡ (x 1 ,y 1 ) and r 2 ≡ (x 2 ,y 2 ) are two position vectors in the source plane. It can be seen that the two-dimensional CSD function is a separable function with respect to the variables (x 1 ,x 2 ) and (y 1 ,y 2 ).
In the presence of anisotropic turbulence and within the validity of the paraxial approximation, the spectral density of the NUC beams in a plane at distance z from the source plane (z = 0) can be treated by the following eHF integral
where ρ ≡ (ξ,η) is the position vector in the plane of z. The angular brackets with subscript m denote ensemble average over the turbulent medium. The function ψ(r,ρ,z) denotes the complex phase fluctuations of a spherical wave propagating from (r, 0) to (ρ, z). According to [33] , the second-order statistics of the phase correlation induced by the anisotropic turbulence can be approximately expressed by the following expression: 
where x d = x 2 − x 1 and y d = y 2 − y 1 . Γ is the Gamma function. As shown in Equation (13), F 2 is also a separable function with respect to (x 1 ,x 2 ) and (y 1 ,y 2 ). Therefore, we can rewrite Equation (11) as a product of the x and y parts of the spectral density in anisotropic turbulence, i.e.,
with
In general, it is impossible to acquire the analytical expression for the spectral density from Equation (15) . One approach for obtaining an approximate analytical expression is to write the integral formula [shown in Equation (7)] for the CSD function in terms of a finite number of modes, see [44] 
∆v is the spacing of the modes; N represents the number of the discrete modes. On substituting Equation (16) into Equation (15) and after some manipulations and integration, we obtain the approximate analytical expression for the x(y) part of the spectral density
Equation (17) is the main result of this paper. It allows us to investigate the evolution properties of the spectral density in anisotropic turbulence conveniently. However, the accuracy of Equation (17) depends on the number of the discrete modes N and the range of the interval for |v|.
To show the accuracy of Equation (17), which is equal to the exact Equation (15) if the number of discrete modes N tends to infinity, we plot in Figure 1 the variation of the spectral density S x (ξ,z) as a function of ξ at several propagation distances both in free space and in turbulent atmosphere. The pertinent quantities are calculated from Equation (17) (solid lines) and the direct integration of Equation (15) (circular dots). In the numerical calculation we sampled the modes in the interval |v| 2a x . The other parameters used in the calculation are chosen to be ω 0 = 10 mm, δ x = 10 mm, x 0 = 0.7ω 0 , λ = 632.8 nm, l 0 = 0.01 m, L 0 = 1.0 m and µ z = µ x = µ y = 3. It is shown that the spectral densities at three propagation distances, calculated from Equation (17) with N = 40, agree well with those calculated from direct integration, both in free space and in the presence of turbulence. However, the results obtained from Equation (17) save a lot of computation time compared to those obtained from direct integration, which means that the method for the mode decompositions is a convenient and efficient way to evaluate the spectral density of NUC beams on propagation.
0.7ω0, λ = 632.8 nm, l0 = 0.01 m, L0 = 1.0 m and μz = μx = μy = 3. It is shown that the spectral densities at three propagation distances, calculated from Equation (17) with N = 40, agree well with those calculated from direct integration, both in free space and in the presence of turbulence. However, the results obtained from Equation (17) save a lot of computation time compared to those obtained from direct integration, which means that the method for the mode decompositions is a convenient and efficient way to evaluate the spectral density of NUC beams on propagation. (17) . The circular dots are the numerical integration directly from Equation (15) . It shows that irrespective of propagation in free space or in turbulence, the spectral density obtained from the approximate analytical formula Equation (17) is consistent with that obtained from direct numerical integration.
Let us consider the NUC beams propagating along the horizontal path near the ground with the z axis being the main propagation direction. It is reasonable to assume that the anisotropic factor μx equals to μz and is larger than μy. The initial parameters used in the calculation are ω0 = 30 mm, δx = δy = 30 mm, λ = 632.8 nm, μx = μz = 2, μy = 1, l0 = 0.01 m, L0 = 1.0 m and fixed throughout the text unless other values are specified. Figure 2 illustrates the spectral density of the NUC beam with x0 = 0 at different propagation distances both in free space ( = 0) and in the presence of anisotropic turbulence with two different values of the constant structures C = 10 −17 m −2/3 and = 10 −15 m −2/3 . In free space, because of the initial state of partial coherence, the beam gradually transits from a Gaussian profile to a diamond shape as the propagation distance increases. The position of the intensity maxima keeps unchanged on propagation since the initial value of x0 = y0 = 0 equals zero. Please note that the maximum intensity at the transverse plane is enhanced on propagation, i.e., the values of the intensity maxima exceed one which is the maxima value in the source plane [see the color bar in Figure 2a -d]. In the presence of anisotropic turbulence, the beam profile loses its diamond shape, and changes into an elliptical shape in the far field [see in Figure 2h ,l]. When the strength of turbulence increases, the beam profile turns into an elliptical shape at a relative short distance [seen in Figure 2i -l] and keeps its elliptical shape on further propagation. The maximum intensity (on-axis point) is greatly suppressed owing to the effects of turbulence. As shown Equation (12), (i.e., the second-order statistics of phase correlation), the effect of turbulence on the beam propagation is that it looks like imposing an elliptical Gaussian-Schell-model term on the beam. However, when the propagation distance is short, or the turbulence is weak, the parameter T in Equation (12) is very small. Hence the turbulence effect can then be neglected. In this case, the beam profile keeps its free-space features. When the propagation distance is large enough, or the turbulence is strong, the situation is reversed. The effect of turbulence dominates the central role to determine the beam profile and turns the beam profile into an elliptical shape. In our numerical examples, the anisotropy factor in x direction is larger than Figure 1 . Variation of spectral density S x (ξ, z) with ξ at three different propagation distances in free space (a-c) and in the presence of turbulence (d-f). The solid lines are calculated from the approximate analytical formula shown in Equation (17) . The circular dots are the numerical integration directly from Equation (15) . It shows that irrespective of propagation in free space or in turbulence, the spectral density obtained from the approximate analytical formula Equation (17) is consistent with that obtained from direct numerical integration.
Let us consider the NUC beams propagating along the horizontal path near the ground with the z axis being the main propagation direction. It is reasonable to assume that the anisotropic factor µ x equals to µ z and is larger than µ y . The initial parameters used in the calculation are ω 0 = 30 mm, δ x = δ y = 30 mm, λ = 632.8 nm, µ x = µ z = 2, µ y = 1, l 0 = 0.01 m, L 0 = 1.0 m and fixed throughout the text unless other values are specified. Figure 2 illustrates the spectral density of the NUC beam with x 0 = 0 at different propagation distances both in free space (C 2 n = 0) and in the presence of anisotropic turbulence with two different values of the constant structures C 2 n = 10 −17 m −2/3 and C 2 n = 10 −15 m −2/3 . In free space, because of the initial state of partial coherence, the beam gradually transits from a Gaussian profile to a diamond shape as the propagation distance increases. The position of the intensity maxima keeps unchanged on propagation since the initial value of x 0 = y 0 = 0 equals zero. Please note that the maximum intensity at the transverse plane is enhanced on propagation, i.e., the values of the intensity maxima exceed one which is the maxima value in the source plane [see the color bar in Figure 2a-d] . In the presence of anisotropic turbulence, the beam profile loses its diamond shape, and changes into an elliptical shape in the far field [see in Figure 2h ,l]. When the strength of turbulence increases, the beam profile turns into an elliptical shape at a relative short distance [seen in Figure 2i -l] and keeps its elliptical shape on further propagation. The maximum intensity (on-axis point) is greatly suppressed owing to the effects of turbulence. As shown Equation (12), (i.e., the second-order statistics of phase correlation), the effect of turbulence on the beam propagation is that it looks like imposing an elliptical Gaussian-Schell-model term on the beam. However, when the propagation distance is short, or the turbulence is weak, the parameter T in Equation (12) is very small. Hence the turbulence effect can then be neglected. In this case, the beam profile keeps its free-space features. When the propagation distance is large enough, or the turbulence is strong, the situation is reversed. The effect of turbulence dominates the central role to determine the beam profile and turns the beam profile into an elliptical shape. In our numerical examples, the anisotropy factor in x direction is larger than that in the y direction, implying that the strength of the turbulence in the y direction is much stronger. Thus, the spectral density of the NUC beams are elongated along the y-axis. Here, we should emphasize that the turbulence we consider belongs to weak turbulence. According to [1] , a widely used parameter to judge whether the turbulence is weak is the Rytov variance, defined as σ 2 R = 1.23C 2 n k 7/6 z 11/6 . If σ 2 R < 1, the turbulence is weak. In our numerical examples, when the propagation distance is z = 3.0 km, the calculated values of the parameter is about 0.004 and 0.4 for C 2 n = 10 −17 m −2/3 and C 2 n = 10 −15 m −2/3 , respectively. that in the y direction, implying that the strength of the turbulence in the y direction is much stronger. Thus, the spectral density of the NUC beams are elongated along the y-axis. Here, we should emphasize that the turbulence we consider belongs to weak turbulence. According to [1] , a widely used parameter to judge whether the turbulence is weak is the Rytov variance, defined as Figure 3e -l that the spectral density is strongly affected by anisotropic turbulence, especially for = 10 −15 m −2/3 , i.e., the evolution of the spectral density for x0 = y0 = 0.7ω0 is quite similar to that of the NUC beam for x0 = y0 = 0. This phenomenon can be explained by the fact that there are two factors determining the evolution of the spectral density with the propagation distance. One is the initial correlation properties of the field, and the other one is the effect of turbulence. When the turbulence is weak, or the propagation distance is short, the former factor determines the feature of the spectral density. When the turbulence is relative strong, or the propagation distance is long enough, the latter factor plays a central role in determining the evolution properties of the spectral density. Therefore, the evolution properties of the NUC beams between x0 = y0 = 0 and x0 = y0 = 0.7ω0 are almost the same when = 10 −15 m −2/3 . Figure 3e -l that the spectral density is strongly affected by anisotropic turbulence, especially for C 2 n = 10 −15 m −2/3 , i.e., the evolution of the spectral density for x 0 = y 0 = 0.7ω 0 is quite similar to that of the NUC beam for x 0 = y 0 = 0. This phenomenon can be explained by the fact that there are two factors determining the evolution of the spectral density with the propagation distance. One is the initial correlation properties of the field, and the other one is the effect of turbulence. When the turbulence is weak, or the propagation distance is short, the former factor determines the feature of the spectral density. When the turbulence is relative strong, or the propagation distance is long enough, the latter factor plays a central role in determining the evolution properties of the spectral density. Therefore, the evolution properties of the NUC beams between x 0 = y 0 = 0 and x 0 = y 0 = 0.7ω 0 are almost the same when C 2 n = 10 −15 m −2/3 . Figure 4 illustrates the evolution of the on-axis intensity (intensity maxima) of the NUC beams (x 0 = y 0 = 0) with different values of coherence widths as a function of the propagation distance z in free space and in the presence of anisotropic turbulence. For comparison, the variation of the on-axis intensity of the fundamental Gaussian beam (dash-dot lines) with the propagation distance is also plotted in Figure 4 . In the calculation, the initial beam width of the Gaussian beam is the same as that of the NUC beams. One finds that the value of the on-axis intensity of the NUC beams exceeds that in the source plane during free-space propagation, implying that a sharpened intensity distribution occurs. For NUC beams with large values of the coherence width the sharpened intensity distribution can last for long propagation distances, compared to those with smaller values of the coherence width. However, the maximum value decreases as the coherence width increases. Please note that after reaching the maximum value, the on-axis intensity decays much faster than that of the Gaussian beam when the propagation distance increases further. In the presence of turbulence, the sharpened intensity distribution of the NUC beams is strongly affected by the strength of the turbulence. The propagation distance, which retains the sharpened intensity, is greatly shortened, compared to the case in free space. When the strength of the turbulence is C 2 n = 10 −15 m −2/3 , the NUC beams with three values of coherence width almost have the same values for the on-axis intensity. These values of the on-axis intensity are much lower than those for a Gaussian beam with a propagation distance larger than 600 m [see in Figure 4d ]. Figure 4 illustrates the evolution of the on-axis intensity (intensity maxima) of the NUC beams (x0 = y0 = 0) with different values of coherence widths as a function of the propagation distance z in free space and in the presence of anisotropic turbulence. For comparison, the variation of the on-axis intensity of the fundamental Gaussian beam (dash-dot lines) with the propagation distance is also plotted in Figure 4 . In the calculation, the initial beam width of the Gaussian beam is the same as that of the NUC beams. One finds that the value of the on-axis intensity of the NUC beams exceeds that in the source plane during free-space propagation, implying that a sharpened intensity distribution occurs. For NUC beams with large values of the coherence width the sharpened intensity distribution can last for long propagation distances, compared to those with smaller values of the coherence width. However, the maximum value decreases as the coherence width increases. Please note that after reaching the maximum value, the on-axis intensity decays much faster than that of the Gaussian beam when the propagation distance increases further. In the presence of turbulence, the sharpened intensity distribution of the NUC beams is strongly affected by the strength of the turbulence. The propagation distance, which retains the sharpened intensity, is greatly shortened, compared to the case in free space. When the strength of the turbulence is = 10 −15 m −2/3 , the NUC beams with three values of coherence width almost have the same values for the on-axis intensity. These values of the on-axis intensity are much lower than those for a Gaussian beam with a propagation distance larger than 600 m [see in Figure 4d ]. Figure 5 gives the variation of the on-axis intensity of the NUC beams (x0 = y0 = 0) with ω0 = 0.01 m, 0.02 m, and 0.03 m as a function of the propagation distance in free space and in the presence of anisotropic turbulence with different anisotropy factors. One can see in Figure 5a that for different initial beam sizes the maximum values of the on-axis intensity are the same. However, the propagation distance for which the maximum intensity occurs is closely related to the initial beam size. The larger the values of the initial beam size, the longer the propagation distances needed for obtaining the maximum intensity. In turbulence with different anisotropy factors [see in Figure 5b d], it can be seen that as the anisotropy factor μx increases, the values of the on-axis intensity of the NUC beams with larger beam size decrease more rapidly. From Figures 4 and 5 , one may also conclude that the NUC beams still have the ability to retain the sharpened intensity distribution in atmospheric turbulence when the structure constant C is smaller than 10 −16 m −2/3 . One can modulate the initial beam size or coherence width to acquire the maximum intensity at the receiver plane. This Figure 5a that for different initial beam sizes the maximum values of the on-axis intensity are the same. However, the propagation distance for which the maximum intensity occurs is closely related to the initial beam size. The larger the values of the initial beam size, the longer the propagation distances needed for obtaining the maximum intensity. In turbulence with different anisotropy factors [see in Figure 5b -d], it can be seen that as the anisotropy factor µ x increases, the values of the on-axis intensity of the NUC beams with larger beam size decrease more rapidly. From Figures 4 and 5 , one may also conclude that the NUC beams still have the ability to retain the sharpened intensity distribution in atmospheric turbulence when the structure constant C 2 n is smaller than 10 −16 m −2/3 . One can modulate the initial beam size or coherence width to acquire the maximum intensity at the receiver plane. This maximum intensity may even be higher than that of the Gaussian beam under the same condition. This peculiar property of the maximum intensity is quite useful for an information carrier in free space. The anisotropy factors also have the additional effects to affect the evolution of the on-axis intensity. If the parameters x0 and y0 of the NUC beams are not zero, the position of the intensity maxima will shift laterally from the on-axis point upon free-space propagation due to the non-uniform source correlations. To examine the behavior of the lateral shifting in the presence of anisotropic turbulence, we plot in Figure 6 the 3D-graphs of the position of the intensity maxima (black lines) both in free space and in the presence of turbulences with different anisotropy factors. The red, green, and blue lines in Figure 6 denote the projection of the black lines in the ξ-η, ξ-z and η-z planes, respectively. In free space, the lateral shift of the intensity maxima first increases with the increase of the propagation distance, and then keeps a fixed value almost unchanged upon propagation. The shifts along the x and y direction are the same because we set the initial parameter x0 equals to y0 in the calculation. In If the parameters x 0 and y 0 of the NUC beams are not zero, the position of the intensity maxima will shift laterally from the on-axis point upon free-space propagation due to the non-uniform source correlations. To examine the behavior of the lateral shifting in the presence of anisotropic turbulence, we plot in Figure 6 the 3D-graphs of the position of the intensity maxima (black lines) both in free space and in the presence of turbulences with different anisotropy factors. The red, green, and blue lines in Figure 6 denote the projection of the black lines in the ξ-η, ξ-z and η-z planes, respectively. In free space, the lateral shift of the intensity maxima first increases with the increase of the propagation distance, and then keeps a fixed value almost unchanged upon propagation. The shifts along the x and y direction are the same because we set the initial parameter x 0 equals to y 0 in the calculation. In the case of isotropic turbulence [see in Figure 6b ], the effect of the turbulence is to suppress the shift of the intensity maxima, which is consistent with the analysis in [36] . Please note that the shifts along the x and y direction are the same, as expected. In the case of anisotropic turbulence [see in Figure 6c ,d], the projection of the trace in the ξ-η plane becomes a curved line instead of a line, as in the case of isotropic turbulence. This indicates that the traces of the lateral shifts of the intensity maxima are not lying in an arbitrary plane. In our numerical case (µ x > µ y ), the strength of the turbulence in the x(ξ) direction is weaker than that in the y(η) direction. Therefore, the lateral shift in the x(ξ) direction is always larger than that in the corresponding y(η) direction. In a practical situation one is concerned about the amount of energy carried by the beam received by a detector in the receiver plane. The more energy the detector receives, the higher the efficiency of the optical system. However, the receiver's aperture has finite dimensions in a practical system. Consequently, a beam whose intensity is concentrated on a small region during propagation has a certain ability to improve the energy receiving rate. Based on the previous analysis, the NUC beams may have a higher receiving energy rate, even compared to the Gaussian beam under the same conditions. Let us consider such an optical system for free-space optical communication. A laser beam, which is acting as an information carrier, is sent to the receiver via an atmospheric channel. The receiver lens collects a portion of the transmitted optical field, which is focused onto a photodetector. This portion is used to convert the optical information into electrical signals for processing.
Assume that the aperture of the receiver lens has a square shape for simplicity. Therefore, the ratio of the beam power captured by the photodetector and the total power carried by the beam, known as power-in-the-bucket (PIB), can be expressed as
where D is the width of the square aperture of the lens. By inserting Equation (17) into (19) and after integrating over ξ and η, we can obtain the analytical expression for the PIB: In a practical situation one is concerned about the amount of energy carried by the beam received by a detector in the receiver plane. The more energy the detector receives, the higher the efficiency of the optical system. However, the receiver's aperture has finite dimensions in a practical system. Consequently, a beam whose intensity is concentrated on a small region during propagation has a certain ability to improve the energy receiving rate. Based on the previous analysis, the NUC beams may have a higher receiving energy rate, even compared to the Gaussian beam under the same conditions. Let us consider such an optical system for free-space optical communication. A laser beam, which is acting as an information carrier, is sent to the receiver via an atmospheric channel. The receiver lens collects a portion of the transmitted optical field, which is focused onto a photodetector. This portion is used to convert the optical information into electrical signals for processing.
where D is the width of the square aperture of the lens. By inserting Equation (17) into (19) and after integrating over ξ and η, we can obtain the analytical expression for the PIB:
Er f
where Erf denotes the error function.
The dependence of the PIB of the NUC beam (x 0 = y 0 = 0) on the propagation distance in free space, in the presence of isotropic turbulence or anisotropic turbulence, is shown in Figure 7a 
Conclusions
We have studied the average intensity, lateral shift of the intensity maxima and the PIB in the receiver plane in the case of NUC beams endowed with a rectangular symmetry. The beams propagate through free space or in the presence of either isotropic-or anisotropic turbulence. The calculations are based on the approximate analytical expression for the propagation of the spectral density derived in this paper. The beam was shown to have either a diamond profile for x0 = y0 = 0 or a sector-like profile for x0 = y0 > 0 in the far field on free-space propagation. Even though on the propagation in the presence of anisotropic turbulence the NUC beams still can keep its diamond or sector-like shape in a weak turbulence regime, they will degenerate to an elliptical shape in moderate or strong turbulence. The evolution of locally sharpened and locally shifted intensity maxima is closely related to the strength of the turbulence and the anisotropic coefficients. The sharpened intensity maxima decrease gradually and disappear finally with increasing strength of the turbulence. In addition, the behavior of the PIB of the NUC beams and the Gaussian beam with the same initial beam width for both isotropic and anisotropic beams has been compared. Our results show that the PIB of the NUC beam can be even higher than that of the Gaussian beam in the presence As shown in Figure 7b , the advantage of the NUC beam is only in the region 0-2.5 km. The PIB of the NUC beam drops rather quickly when the propagation distance is larger than 1.5 km. In the case of anisotropic turbulence, the situation becomes worse. It only keeps its superior behavior for propagation distances less than 2.0 km [see in Figure 7c ]. Our other numerical results (not shown here) indicate that when the strength of turbulence is larger than 10 −15 m −2/3 , the NUC beam will lose its advantages. To quantitatively assess the superiority of the NUC beam, compared to the Gaussian beam, the following parameter is introduced to characterize it, i.e.,
In Equation (22), the PIB with the subscript "NUC" and "Gau" denote the power-in-bucket of NUC beams and Gaussian beams, respectively. The positive of P means the NUC beams are superior to the Gaussian beams. Figure 7d shows the variation of P against the propagation distance both in free space and in the presence of atmospheric turbulence. One can see that the maximum value of P is about 25% or 20% near the propagation distance z = 1.5 km in the case of isotropic or anisotropic turbulence, respectively. Figure 8 illustrates the dependence of P on the width of the receiver aperture, the anisotropic factor µ x with µ y = 1 and D = 0.02 m, and the strength of turbulence with D = 0.02 m at z = 1.5 km. It is shown in Figure 8a that for C 2 n = 10 −17 m −2/3 more power can be received using a NUC beam than using a Gaussian beam when the aperture is relatively small (D < 0.05 m), irrespectively of whether isotropic or anisotropic turbulence is present. However, when the aperture size is in the range of 0.05 m < D < 0.15 m, the situation is reversed, i.e., the detector could receive more beam energy using the Gaussian beam. If the aperture size increases further, there is almost no discrepancy between the Gaussian beam and the NUC beam because all the power carried by the beams is captured by the detector. Figure 8b clearly shows that the increase of the anisotropic factor µ x leads to the reduction of the advantage of the NUC beam. Figure 8c indicates that only if the structure constant C 2 n is smaller than approximately 3 × 10 −17 m −2/3 , a higher part of the power of the NUC beam can be received in the output plane, compared to that of the Gaussian beam. 
We have studied the average intensity, lateral shift of the intensity maxima and the PIB in the receiver plane in the case of NUC beams endowed with a rectangular symmetry. The beams propagate through free space or in the presence of either isotropic-or anisotropic turbulence. The calculations are based on the approximate analytical expression for the propagation of the spectral density derived in this paper. The beam was shown to have either a diamond profile for x0 = y0 = 0 or a sector-like profile for x0 = y0 > 0 in the far field on free-space propagation. Even though on the propagation in the presence of anisotropic turbulence the NUC beams still can keep its diamond or sector-like shape in a weak turbulence regime, they will degenerate to an elliptical shape in moderate or strong turbulence. The evolution of locally sharpened and locally shifted intensity maxima is closely related to the strength of the turbulence and the anisotropic coefficients. The sharpened intensity maxima decrease gradually and disappear finally with increasing strength of the turbulence. In addition, the behavior of the PIB of the NUC beams and the Gaussian beam with the same initial beam width for both isotropic and anisotropic beams has been compared. Our results show that the PIB of the NUC beam can be even higher than that of the Gaussian beam in the presence of a very weak turbulence regime. In free-space optical (FSO) communications, the average receiving energy (ARE) is one of the important factors affecting optical communication. High ARE is preferred in FSO communications; however, a light beam propagating through the atmosphere is subject to phase fluctuations due to atmospheric turbulence, which causes the extra beam spreading beyond the spread due to the diffraction. This effect will reduce the ARE in the receiver plane. The NUC beams exhibit the higher PIB propagation in turbulence under certain conditions. We believe that this 
We have studied the average intensity, lateral shift of the intensity maxima and the PIB in the receiver plane in the case of NUC beams endowed with a rectangular symmetry. The beams propagate through free space or in the presence of either isotropic-or anisotropic turbulence. The calculations are based on the approximate analytical expression for the propagation of the spectral density derived in this paper. The beam was shown to have either a diamond profile for x 0 = y 0 = 0 or a sector-like profile for x 0 = y 0 > 0 in the far field on free-space propagation. Even though on the propagation in the presence of anisotropic turbulence the NUC beams still can keep its diamond or sector-like shape in a weak turbulence regime, they will degenerate to an elliptical shape in moderate or strong turbulence. The evolution of locally sharpened and locally shifted intensity maxima is closely related to the strength of the turbulence and the anisotropic coefficients. The sharpened intensity maxima decrease gradually and disappear finally with increasing strength of the turbulence. In addition, the behavior of the PIB of the NUC beams and the Gaussian beam with the same initial beam width for both isotropic and anisotropic beams has been compared. Our results show that the PIB of the NUC beam can be even higher than that of the Gaussian beam in the presence of a very weak turbulence regime. In free-space optical (FSO) communications, the average receiving energy (ARE) is one of the important factors affecting optical communication. High ARE is preferred in FSO communications; however, a light beam propagating through the atmosphere is subject to phase fluctuations due to atmospheric turbulence, which causes the extra beam spreading beyond the spread due to the diffraction. This effect will reduce the ARE in the receiver plane. The NUC beams exhibit the higher PIB propagation in turbulence under certain conditions. We believe that this propagation feature of the NUC beams may have important applications in FSO communication and remote sensing.
